
Cash Award Question of Apr-2024 

 

 In the picture, ∆ABC is inscribed in a circle. P is a point on the minor arc AB. 

PL, PM & PN are perpendiculars dropped from P to BC, AB & CA (produced) 

respectively and LMN is the Simson line with respect to P.  

Prove: 𝑳𝑵 =
(𝑷𝑪×𝑨𝑩)

𝑫
,  where D is the diameter of the circle. 
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Author’s Solution 

Given : 

∆𝐴𝐵𝐶 is inscribed in a circle. P is a point on the minor arc AB. PL, PM & PN are the 

perpendiculars drawn to BC, AB & AC respectively and LMN is the Simson line. 

To Prove:  𝐿𝑁 =
(𝑃𝐶×𝐴𝐵)

𝐷
, where D is the diameter of the circle. 

Construction:  

Mark the centre of the circle 'O’ and  

draw PT, the diameter through O. Join PA, PB & TC. 

Proof: 

∠𝑃𝑀𝐵 = ∠𝑃𝐿𝐵 = 90° (given) 

⟹ PBLM is concyclic 

⟹ ∠𝑃𝐵𝑀 = ∠𝑃𝐿𝑀  ---------------------------(1) 

∠𝑃𝑀𝐴 + ∠𝑃𝑁𝐴 = 90° + 90° = 180° 

⟹ 𝑃𝑀𝐴𝑁 is concyclic 

⟹ ∠𝑃𝑁𝑀 = ∠𝑃𝐴𝑀   ---------------------------(2) 

⟹ (1)& (2) → ∆𝑃𝐴𝐵~∆𝑃𝑁𝐿  

⟹  
𝑃𝐴

𝑃𝑁
=

𝐴𝐵

𝐿𝑁
              -------------------------- (3) 

In ∆𝑃𝑇𝐶 & ∆𝑃𝐴𝑁 

∠𝑃𝑇𝐶 = ∠𝑃𝐴𝑁                     [ ∵ 𝐸𝑥𝑡𝑒𝑟𝑖𝑜𝑟 𝑎𝑛𝑔𝑙𝑒 = 𝐼𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑝𝑝. 𝑎𝑛𝑔𝑙𝑒] 

∠𝑃𝐶𝑇 =  ∠𝑃𝑁𝐴 = 90°         [∠PCT borne by diameter] 

∴ ∆𝑃𝑇𝐶 ~∆𝑃𝐴𝑁 

⟹  
𝑃𝑇

𝑃𝐴
=

𝑃𝐶

𝑃𝑁
                   --------------------------- (4) 

(3) & (4) → 𝐿𝑁 =  
𝑃𝐶×𝐴𝐵

𝑃𝑇
  -------------------------- Proved 

 ***** 
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The Utility of the result: 

This month's rider is of immense utility to the Geometry lovers. So far, there 
doesn't seem to be any formula for measuring the length of the Simson line. Here, 
this result measures the Simson line LMN. ie. 

𝐿𝑀𝑁 =
𝑃𝐶 × 𝐴𝐵

𝐷
=

𝑃𝐹 × 𝐴𝐵

2𝑅
= 𝑷𝑪 × 𝑺𝒊𝒏 𝑪 

[∵ 𝐴𝐵 = 2𝑅 𝑆𝑖𝑛 𝐶] 

 

In the above picture, ∆𝐴𝐵𝐶 inscribed in the circle. P, Q & R are points on the minor 

arcs AB, AC and BC respectively. LMN, DEF & XYZ are the Simson lines drawn with 

respect to the points P, Q & R.  

Now,  𝑳𝑵 = 𝑷𝑪 × 𝑺𝒊𝒏 𝑪 

           𝑫𝑭 = 𝑸𝑩 × 𝑺𝒊𝒏 𝑩 

           𝑿𝒁 = 𝑹𝑨 × 𝑺𝒊𝒏 𝑨 

___________________________________________ 


